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ON SOME NEW CLASSES OF COMPACT-LIKE
BITOPOLOGICAL SPACES

B M UzzAL AFsaN*®

ABSTRACT. In this paper, we have introduced a new type of cov-
ering property ﬁfw’s)—closedness7 stronger than P(tw’ s)~Closedness
[3] in terms of (r, s)-S-open sets [9] and [B-w¢-closures in bitopolog-
ical spaces along with its several characterizations via filter bases
and grills [15] and various properties. Further grill generalizations
of ﬁaums)—closedness (namely, ﬁ%wmsyclosedness modulo grill) and
associated concepts have also been investigated.

1. Introduction

In the year 1963, J. C. Kelly [8] has introduced the concept of bitopo-
logical spaces which now becomes a mature field of topology. The notion
of w-open sets introduced by H. Z. Hdeib [5, 6] has been studied by a
good number of researchers in recent times, namely Noiri, Omari and
Noorani [11, 12], Omari and Noorani [13, 14|, Zoubi and Nashef [16] and
Afsan and Basu [2, 3, 4]. In the present paper, in section 3, we have
initiated S-(wy, s)-0¢-closures of sets and allied concepts in bitopologi-
cal spaces which have been exploited effectively in investigating certain
concepts which have been developed in the subsequent sections. In sec-
tion 4, a new type of covering property B(twhs)—closedness is introduced
in a bitopological space (X, 71, 72) using (r, s)-5-open sets [9] and [S-w;-
closures. Several characterizations via filter bases and grills [15] and
various properties of such concept have been discussed. Further, in the
last section, the concept of 5€wms)—closedness modulo grill along with its
simple properties have also been investigated.

Received December 25, 2019; Accepted April 21, 2020.

2010 Mathematics Subject Classification: Primary 54D20, 54D25, 54D99, 54A20.

Key words and phrases: S-w-closure, (-(wr,s)-8:-closure, ﬂfwms)—closed, ﬂfm)—
closed, f-(wr, s)-0¢-complete adherent, grill, Bfw,ms)-closed modulo grill.



272 B M Uzzal Afsan

2. Prerequisites

Let (X, 7) be a topological space and A C X. Then a point z € X
is called a condensation point of A if for each open set U containing z,
ANU is uncountable. A set A is called w-closed [5] if it contains all of
its condensation points and the complement of an w-closed set is called
an w-open set [5] or equivalently, A C X is w-open if and only if for
each x € A there exists an open set U containing = such that U — A
is countable. Throughout this paper, spaces (X, 71, 72) and ((Y, o1, 02)
(or simply X and Y') represent non-empty bitopological spaces and r, s
and ¢ are indices varying over the set {1,2}. The set of all w-open
sets of space X when the topology 7, is considered is denoted by 7.
It is to be noted that 7, is a topology on X finer than 7. [5]. A
subset A of a topological space X is called S-open [1] (resp. pre-w-open
[11], f-w-open [11]) if A C cl(int(cl(A))) (resp. A C inty(cl(A)) and
A C d(inty,(cl(A)))). The closure (resp. interior, w-interior [11], w-
closure [11], pre-w-interior [4], pre-w-closure [4]) of a subset A of a space
X with respect to the topology 7, (where r = 1,2) (read as r-closure
(resp. r-interior, w,-interior, w,-closure, pre-w,-interior, pre-w,-closure,
r-f-closure)) are denoted by cl,.(A) (resp. int,.(A), int,, (A), cl,, (A),
pinty, (A), pcly, (A), Bel-(A)). A subset A of a bitopological space X is
called (resp. (r,s)-preopen [7], and (r, s)-B-open [9]) if A C int,(cls(A))
(resp. A C cls(int,(cls(A)))). The complement of (7, s)-preopen (resp.
(r, s)-B-open) set is called (r, s)-preclosed [7] ( resp. (r,s)-5-closed [9]).
The family of all (r, s)-preopen (resp. (r, s)-B-open, and (r, s)-3-clopen)
subsets of X is denoted by (r,s)-PO(X) (resp. (r,s)-8O(X) and (r,s)-
BCO(X)). The family of all (r,s)-preopen (resp. (r,s)-8-open, and
(r, s)-p-clopen) subsets of X containing a point z of X is denoted by
(r,s)-PO(X,x) (resp. (r,s)-BO(X,z) and (r,s)-fCO(X,z)) and the
family of all (r,s)-8-open subsets of X containing a subset K C X
is denoted by (r,s)-8O(X,K). The family of all S-open sets in the
topological space (X, 7,) is denoted by (r)BO(X). (r,s)Bcl(A) is the
intersection of all (r, s)-/-closed subsets of X containing A [9].
Thron [15] has defined a grill as a non-empty family G of non-empty
subsets of X satisfying (a) A € G and A C B = B € G and (b)
AUB € G = either A € G or B € G. Thron [15] also has shown that
FG) ={ACX:ANF #0,VF € G} is a filter on X and there exists
an ultrafilter F such that F(G) C F C G.
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3. [-(wy, s)-0;-closure operators

DEFINITION 3.1. Let A be any subset of a topological space X. Then
B-w-interior (resp. [-w-closure) of A is the set fint] (A) = U{S C A :
S € wO(X)} (resp. Bell(A) =nN{S D A: X -G € pwO(X)}). If
no confusion arises, S-w-interior (resp. [-w-closure) of A is denoted by
Bint,(A) (resp. Bel,(A)). If X is a bitopological space, then the (-
w-interior (resp. [-w-closure) of A with respect to the topology 7 is
denoted by Bint,, (A) (resp. Bcly, (A)).

Now we state the following theorem.

THEOREM 3.2. Let A and B be any two subsets of a topological space
X. Then the following properties hold:
(a) Bely(A) C Bel(A), Belw(A) C pely,(A) and Bel,(A) C cly(A).
(b) A C B implies fcl,(A) C Bely,(B) and Sint,(A) C Bint,(B).
(c) Bely,(Belu(A)) = Bely,(A) and Sint,, (Sint,(A)) = Bint,(A).
(d) A is B-w-closed if and only if el (A) = A.
(e) A is p-w-open if and only if Bint,(A) = A.
(f) Bcly(X — A) = X — Bint,(A).
(g) Bint,(X — A) = X — Bely,(A).

REMARK 3.3. For a subset A of a topological space, Scl,(A) # Bel(A)
and Sely,(A) # pcly,(A) in general, which is shown in the following ex-
amples.

EXAMPLE 3.4. (a) Consider the space X = Q with the topology
generated by the base B = {B, : r € Q}, where B, = {1,r}. Then
the topology on X is 7 = {0} U{S C Q : S contains 1} = SO(X) and
Tw = P(X) = pwO(X), where P(X) is the power set of X. Let A be
the set of all odd integers. Then pcl,(A) = A and Scl(A) = Q.

(b) Consider the real line X = R with the usual topology 7. ThenT = 1,
and so (0,1] € fwO(X) — PwO(X). Then Bcly,((—o0,0] U (1,00)) =
(_0070] U (17 OO) and pclw((—O0,0] U (17 OO)) = (_007 0] U [17 OO)

DEFINITION 3.5. A point z € X is said to be a $-(wy, $)-0-accumulation
(resp. (r,s)-0;-B-accumulation) point of a subset A of a bitopologi-
cal space X if Bcl,,(U) N A # 0 (resp. Bcly(U)N A # 0) for ev-
ery U € (r,5)80(X,z). The set of all f-(wy, s)-0-accumulation (resp.
(r, $)-0;-B-accumulation) points of A is called the [-(wy, s)-0;-closure
(resp. (r,s)-0;-B-closure) of A and is denoted by S, s clg, (A) (resp.
(r,s)Bclp,(A)). A subset A of a bitopological space X is said to be [-
(wr, 8)-O4-closed (resp. (r,s)0i-f-closed set) if B, s clg,(A) = A (resp.
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(r,s)Bclp,(A) = A). The complement of a 3-(wy, s)-84-closed set (resp.
(r, $)0s-p-closed set) is called 8-(wy, s)-0-open set (resp. (7, s)6;-F-open
set).

If 4 =m =7, 1ie if X is a topological space, we drop the indices
r,s and t in the the terms of the definitions.

LEMMA 3.6. A subset A of space X is a 3-(wy, $)-0¢-open if and only if
for each x € A, there exists V € (r,s)SO(X, x) such that fcl,, (V) C A.

Proof. Let A be a p-(wy, s)-0-open set. Suppose x € A. Then X —
A is B-(wy, s)-0¢-closed and thus for each x € A, there exists a V' €
(r,s)BO(X, x) such that pel,, (V)N (X — A) = 0. Hence Bcl,, (V) C A.

Conversely, let there exists an x € A such that SBcl,, (V) ¢ A for
all Ve (r,s)BO(X,z). Thus fBel, (V)N (X —A) # 0 for all V €
(r,8)BO(X,z) and so x € f,, s clg,(X — A). Hence X — A is not f3-
(wr, 8)-B4-closed. O

Now we state following theorem:

THEOREM 3.7. Let A and B be any subsets of a bitopological space
X. Then the following properties hold:
(a) (r,s)0s-p-closed sets and pre-(wy, s)-0;-closed sets are B-(wy, s)-04-
closed sets.
(b) B(w,-,s)CZOt (A) - (Ta S)BCZQt (A) and B(wr,s)det (A) C p(w,-,s)dat (A)a
(c) A C B implies B, s)clo,(A) C B, s clo, (B),
(d) the intersection of an arbitrary family of 5-(w,, s)-0;-closed sets is
B-(wy, $)-0¢-closed in X.

Proof. Proof of (a), (b), (c) are straightforward. So we prove (d)
only.

(d): Let {Aq : @ € A} be a family of 5-(wy, s)-04-closed sets. Let x €
Bor,s)Clo, (Naea(Aa)). ThenforallU € (r,5)30(X, x), 0 # (Naeca(Aa))N
Belw, (U) = Naea(AaNpBely, (U)). So for each aw € A, A, N Pely, (U) # 0.
Thus = € B, s)clo,(Aa) = Aq for each a € A and hence x € Naea (Aa).
Thus Naea(Aq) is f-(wy, s)-04-closed in X.

The following examples reflect the fact that the converse of Theorem
3.7.(b) is not true, i.e. B, s clg, (A) # (1, 5)Bcly, (A) and B, o clg, (A) #
Pwr,s)Clo, (A). In fact Byclo(A) # Belg(A) and Buclg(A) # puclg(A). O

ExaMPLE 3.8. (a) Consider the topological space X = Q with the

topology T as defined in Example 3.4.(a) and Let A be the set of all odd
integers. Then B, clg(A) = A and Bclg(A) = Q.
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(b) Consider the real line X = R with the usual topology T and
A = (—00,0]U(1,00). Then 1 € p,clg(A) — Buclo(A).

4. ﬁfwhs)—closed spaces

DEFINITION 4.1. A subset S of a bitopological space X is called
ﬁfwhs)—closed (resp. Bfm)-closed) relative to X if every (r,s)-B-open
cover of X has a finite subfamily whose [-w;-closures (resp. ¢-(-closures)
cover S. If S = X, then the B closed (resp. B( -closed) set S
relative to X is called ﬂ Closed (resp. B( closed) bitopological

space. We read B closedness as f,- closedness if the topologies on
X are taken the same

It is easy to verify that every ﬂ closed subset of any bitopological
space is B(rs -closed and P(wr 5 closed Again in a But a ﬁ(T o) -closed

subset of any bitopological space need not be 56@ S)—closed.

ExamMPLE 4.2. Consider the space X = Q with the topology 11 =
{0} U{S c Q: S contains 1} and 12 = {0, X}. Then (2,1)30(X) =
{0} U{S C Q: S contains 1} and 7,, = P(X) = (1)BwO(X), where
P(X) is the power set of X. So, X is 6(1271)—closed because every (2,1)-
[-open set has Q as its (1)-f-closure. but since the (2,1)-8-open cover
{{1,7} : r € Q} has no finite subfamily whose 3-w;-closures cover S. So
X is not ﬁ(lw%l)—closed.

THEOREM 4.3. Let A and B be subsets of X. If A is [3- (wr, 5)-04-
closed and B is ﬂ(twr -closed relative to X, then AN B is B closed
relative to X.

Proof. Let {U, : « € A} be a cover of AN B by (r, s)-5-open subsets
of X. Since A is B-(wr, )-0¢-closed, then for each z € B — A there exists
Ve € (r,5)-BO(X,x) such that Bclwt( z) N A = 0. Then {U,

A} U {V x € B— A} is a cover of B by (r, s)-/3-open subsets of X So

the ﬁ closedness of B relative to X, ensures there existence of finite
number of points z1, xo, ....... ,Tn € B — A and finite number of indices
Q1,0 e , &, € A such that B C (Ui Bely, (V) U (UTL Bely, (Ua, )

and thus AN B C UL, Bely, (Ua,). So AN B is B closed relatlve to
X. O
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COROLLARY 4.4. If X is a BfwT S)—closed bitopological space (resp.

Bu-closed topological space), then every [3-(w,, s)-84-closed (resp. [-w-
0-closed) subset of X is ﬁfwT S)-Closed (resp. B,-closed) relative to X.

THEOREM 4.5. A f,-closed set S relative to a Ts topological space
X is B-w-B-closed if S is p-w-open.

Proof. Let x € X —S. Then for each p € S, there exist two disjoint
open sets U, and V), such that x € U, and p € V,,. Then {V,, : p €
S} is a cover of S by open (and so S-open) sets of X. Since S is
B.-closed set relative to X, there exist p1,po, ....... ,Pn € S such that
S C U, pely(Vp,) C Bely(Ulq(Vp,)). Now consider U = NU,, and
V = UV,,. Then UNV = 0 and so Bcl,(V) C clo(V) C (V) C
X — U. Hence Bcl,(V)NU = 0 and so Bint,(Bcl,(V))NU = 0. Thus
Bint,,(Bel,(V))NBel,(U) = 0. But since S is S-w-open, SNBel, (U) = 0.
Therefore S is S-w-6-closed. O

DEFINITION 4.6. A filter base F (resp. a grill G) on a topological
space (X, 71, 72) is said to (3-(wy, $)-0;-converge to a point x € X if for
each V € (r,s5)BO(X, z), there exists F' € F (resp. F' € G) such that F' C
Bcly, (V). A filter base F is said to 8-(wr, s)-8-accumulate (or 5-(wy, s)-
Oi-adhere) at x € X if Bely, (V)N F # O for every V € (r,s)pO(X, z)
and every F' € F. The collection of all the points of X at which the
filter base F 3-(w;, s)-0i-adheres is denoted by f,, )-ti-adF. We read
the term [-(wy, s)-0;-convergence (resp. [-(wr, s)-0;-adherent point) as
B-w-B-convergence (resp. [-w-f-adherent point) if the topologies on X
are taken the same.

THEOREM 4.7. An ultrafilter base F [-(wy, s)-0¢-converges to a point
x € X if and only if it B-(wy, s)-0s-accumulates to the point x.

Proof. Here only to prove is that if F 8-(w,, $)-0-accumulates to the
point z, then F [-(w,, s)-0;-converges to the point z. If F does not
B-(wy, 8)-0¢-converge to the point x, there exists a V' € (r,s)BO(X,x)
such that F' ¢ Bcly, (V) and so (X — Bely, (V)N F # () for every F € F.
Since F is an ultrafilter base on X, fcl,, (V) € F. Again since F -
(wy, $)-O-accumulates to the point x, Bely,, (V)N F # () for every F € F
and so fcly, (V) € F. O

THEOREM 4.8. For a bitopological space X the following conditions
are equivalent:
(a) X is Bfwhs)—closed,
(b) for every family {V, : o € A} of (r,s)-B-closed subsets such that
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MN{Vy : a € A} =0, there exist ay, ag, ....... , o, € A such that N, fint,, (Va,) =
0,

(c) every ultrafilter base (3-(wy, s)-0;-converges to some point of X,

(d) every filter base [-(wy, s)-0¢-adheres at some point of X,

(e) every grill on X (-(wy, s)-0;-converges to some point of X.

Proof. (a)<(b). Consider ¥ = {V, : « € A} be a family of (r, s)-
B-closed subsets such that N{V,, : @« € A} = (. Then there exist
finite number of indices aq,aq,...,ar € A such that U ,Scl,, (X —
Va;) = X. Hence X — U, Bcl,, (X — V,,) = 0 and so by Theorem
3.2, N Binty, (Va,) = 0.

Conversely, let {U, : @ € A} be an (r, s)-8-open cover of X. Then
{X —U, : a € A} is a family of (r, s)-S-closed subsets of X with N{X —
Uy : « € A} = (. Thus by (b), there exist ay,ag, ....... ,an, € A such
that N, Bint,, (X —U,,) = 0 i.e. by Theorem 3.2, U, Scly, (Uy,) = X.
So X is Bfwhs)—closed.

(b)=(c). Let F be an ultrafilter base on X which does not f-
(wr, s)-04-converge to any point of X. Then by Theorem 4.7, F can not
B-w-0-accumulate at any point of X and so for each x € X, there are
an F, € F and a V, € (r,s)BO(X,x) such that SBcly, (Vi) N Fy = 0
and so Fp, C X — Bcly, (Vy) = Pinty,(Vz) (by Theorem 3.2). Again
{X =V, : 2 € X} is a family of (r, s)-5-closed subsets of X satisfying
M{X =V, :2 € X} = 0. So there exists a finite subset Xy of X such
that Ngex,Binty, (Vi) = 0. Since F is a filter base on X, there exists
Fy € F such that Fy C Ngex,Fy and so Fy = ) — a contradiction.

(c)=(d). Let F be any filter base on X and Fy be an ultrafilter base
on X containing F. Then (c) ensures that Fy [-(wy, s)-0i-converges
to some point x € X. Therefore for each V € (r,s)B0(X,z), there
exists Fy € Fp such that Fy C Bely,, (V). Now since for each F € F,
0 # FonF C Bely, (V)NFE, Bel,, (V)NF # ( for every V € (r,5)fO(X, x)
and every F' € F. So x € B, 5)-Or-adF.

(c)=(e). Let G be a grill on X. Then F(G) = {F C X : FnN
E # (0,VE € G} is a filter on X and there exists an ultrafilter F such
that F(G) ¢ F C G [29]. Let F B-(wy, s)-O4-converges to z € X. If
possible, let G does not 3-(wy, s)-0;-converge to x. Then there exists V' €
(r,s)BO(X, x) such that E ¢ Bel,, (V) and so EN (X — Bely, (V) # 0
for all F € G. So X — fcl,, (V) € F(G) C G. Again by Theorem 4.7,
Bely,, (VINF # () for every F € F. So Bcly, (V) € F. Hence Bcl,, (V) € G
— a contradiction.

(e)=(c). Since every ultrafilter base is a grill, (c) immediately fol-
lows.
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(d)=(b). Let {V, : @ € A} be a family of (r, s)-5-closed subsets of
X such that N{V, : @ € A} = (. If possible, let NyerBinty, (Vy) # 0
for each finite subset I' of A. Then the family 7 = {n{Bint.,(V;),v €
I'},T C A ,card(T') < Np}, where Ny is the cardinality of the set of
all natural numbers is a filter base on X. Then by (d), F B-(wr,s)-
fi-accumulates at some point z of X. Since {X —V, : a € A} is a
(r,s)-B-open cover of X, x € X — V,, for some ap € A. Let G =
X — Voo Then G € (r,s5)B0(X,z) and Bint,,(Va,) € F such that
Bely,, (G) N Bint,, (Vo,) = 0 — a contradiction. O

From the above theorem the following theorem follows immediately.

THEOREM 4.9. For a topological space X, the following conditions
are equivalent:
(a) X is B,-closed,
(b) for every family {V, : a € A} of S-closed subsets such that N{V,, :
a € A} =), there exist a1, ag, ....... ,apn € A such that N}, Bint,(Va,) =
0,
(c) every ultrafilter base [3-w-f-converges to some point of X,
(d) every filter base B-w-8-adheres at some point of X,
(e) every grill on X [3-w-0-converges to some point of X.

DEFINITION 4.10. A bitopological space X is called g-(w;, s)t-regular
ifforeachx € X and U € (r, s)80(X, x), there exists a V' € (r, s)BO(X, x)
such that ¢, (V) C U. p-(wy,s)t-regularity of X is referred as [-w-
regularity if the topologies on X are taken the same.

THEOREM 4.11. For a (B-(wy, s)t-regular bitopological space X, the
following two conditions are equivalent:
(i) X is Bfwhs)—closed,
(ii) every cover of X by (-(wy, s)-0¢-open sets of X has a finite subcover.

Proof. (i)=(ii). Let X be Bfwhs)-closed and ¥ be any S-(wy, s)-04-
open cover of X. Then for each x € X, there exists an U, € X containing
x and so Theorem 3.6 ensures the existence of a V,, € (r, s)30O(X, z) such
that Bcly, (Vi) C cly, (V) C Ug. Since {V; : x € X} is an (r, s)--open
cover of X, there exist finite number of points z1, x9,...,2zx € X such
that X = U¥_ Bely, (Vz,;) and so X = UE_,U,,. Hence {U,, : z € X,i =
1,2,....,k} is a finite subcover of X.

(ii)=(i). Let X be a (wy, s)t-regular bitopological space. Consider 2
be an (r, s)-8-open cover of X. Let z € X and z € U, for some U, € Q.
Since X is (-(wr, s)t-regular, there exists V,, € (r, s)fO(X, x) satisfying
Bcly, (V) C cly, (Vy) C Up. Then by Lemma 3.6 for each z € X, U, is
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B-(wy, $)-0i-open set of X. Thus by (ii), there exist z1,zg,...,zx € X
such that X = UF_,U,, C UX_ Bely, (Us,). O

THEOREM 4.12. For a f-w-regular topological space X, the following
two conditions are equivalent:
(i) X is B,-closed,
(ii) every cover of X by [-w-0-open sets of X has a finite subcover.

THEOREM 4.13. For a (-(wy, s)t-regular bitopological space X, the
following two conditions are equivalent:
(i) X is Bfwhs)—closed,
(ii) every family of 3-(w,, s)-0;-closed subsets of X with finite intersec-
tion property has a nonempty intersection.

Proof. (i)=(ii). Let X be Bfwhs)—closed and {V, : @ € A} be a
family of 5-(wy, s)-0;-closed subsets of X with finite intersection property
having empty intersection. Then {X — V,, : @ € A} be a 8-(wr, $)-04-
open cover of X. Then the theorem 4.11. ensures the existence of a
finite subset Ag of A such that U{X — V, : @ € Ap} = X and so
Vo :a € Ap} =0 — a contradiction.

(ii))=(1). Let X be a f-(w, s)t-regular bitopological space. If X
be not Bfwms)—closed, Theorem 4.11 ensures the existence of a -(wy, $)-
fi-open cover {U, : a@ € A} of X without any finite subcover. Then
{X —U, : a € A} be a family of -(wy, s)-0s-closed subsets of X with
finite intersection property. Therefore by the hypothesis (ii), "{X — U, :
a € A} # 0 and so U{U, : « € A} # X — a contradiction. O

As an application of Theorem 4.13, we prove the following “fixed set
theorem” for multifunction:

THEOREM 4.14. Let X be a Bfwhs)—c]osed bitopological space and
Q: X — X be any multifunction preserving -(w., s)-0;-closed subsets
to B-(wy, s)-8;-closed subsets. Then there exists a subset K C X such
that Q(K) = K.

Proof. 1t is obvious to note that Il = {A C X : Q(A) C A, A#0, A
be [B-(wy,s)-0i-closed} be a totally order set under the set inclusion.
Theorem 3.7.(d) implies that every subfamily of II has a lower bound
and hance Zorns Lemma implies that there is a minimal element K of
I1. Since the multifunction Q preserves [-(wy, s)-64-closed subsets to (-
(wr, )-04-closed subsets and K is minimal, K C Q(K) C K and hance
QK) =K. O
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DEFINITION 4.15. A point z € X is called 5-(wy, s)-0;-complete ad-
herent point of a subset A of X if for each 5-(w,., s)-0;-open set U contain-
ing z, card(ANU) = card(A). The term S-(wy, s)-0;-complete adherent
point is referred as B-w-0-complete adherent point if the topologies on
X are taken same.

DEFINITION 4.16. A net (z))xer (where Y is a directed set) on a
bitopological space X is called 8-(wy, s)-0;-adheres at a point « € X if for
every U € (r,s)O(X,x) and for every A € T, there exists u(>= A) € T
such that z,, € Scly, (U). The term S-(wy, s)-0¢-adherent point is referred
as f[-w-0-adhere point if the topologies on X are taken same.

THEOREM 4.17. For a (-(wy, s)t-regular bitopological space X, the
following three statements are equivalent:
(i) X is Bfwhs)—closed,
(ii) every net (x))xet, where Y is a well-ordered index set B-(wy, s)-0-
adheres at a point in X,
(iii) every infinite subset A of X has a (-(w,, s)-0;-complete adherent
point in X.

Proof. (1)=(ii). Let X be ﬂfwms)—closed and (z))xer, where T is a
well-ordered index set be a net on X. If possible, let (z))xer does not
B-(wy, $)-0i-adhere at any point of X. So for each z € X, there exists
an U, € (r,5)30(X,z) and a A(z) € T such that x, & Bcl,, (Uy) for all
w(= Xz)) € T. Since {V, : z € X} forms a cover of X by (r, s)-5-open
sets of X, there exist finite number of points x1,z9,....,xx € X such
that X = U Bcly, (Uy,). Consider an 7 € Y such that n = A(z;) for all
i=1,2,...,n. Then for each i = 1,2,...,n, x, & Bcl,, (Uy,) for all pn = n
—— a contradiction.

(ii)=(iii). Let A be an infinite subset of X. Then A can be well-
ordered by some minimal well-ordering <. Thus A may be thought as a
net with a well-ordered index set as domain. Then by (ii), the net A (-
(wy, s)-0¢-adheres at a point € X. Now consider an U € (r, s)50(X, x).
Since X is f-(wy, s)t-regular, there exists V' € (r,s)80(X, z) such that
Bcly, (V) C ey, (V) € U. Now since net A 5-(wy, s)-0-adheres at a
point z € X, so for any A € A, there exists u(> A) € A such that
x, € Pel,, (V)N A and hence card(A) = card(A N Bely,(V)) and for
similar cause card(ANU) = card(ANpBcl,, (V')). Therefore card(ANU) =
card(A). Hence z is a B-(wy, s)-0;-complete adherent point of A.

(iii)=-(i). Let X be not Béwr y-closed. Then Theorem 4.11 implies

,S
that X has a cover ¥ by (-(wy, s)-0s-open sets of X without any finite
subcover. Let p be the minimum of the cardinal numbers of the subcover
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3o of ¥. Then clearly p > Xy. Let X be well-ordered by minimal well-
ordering <. Then for each U € g, card{W € ¥ : W < U}) < p
and so {W € ¥ : W < U} can not be a cover of X. Then for each
U € X, there exists 2y € X —U{W € ¥ : W < U}. Now consider
P = {xy : U € Xo}. Since U,V € 39, U # V implies zy # zv,
card(P) = p. So P is an infinite set. Now consider any x € X. Then
x € Uy for some Uy € ¥y. Since xy € Uy implies U < Uy. Therefore
{UeXy:azy €Uy} C{U € 3y :U < Uy} and so by the minimality of
<, we get card({U € Xy : zy € Up}) < p. Thus card(ANTy) < p =
card(A). So x can not be -(wy, s)-0:-complete adherent point of A. [

THEOREM 4.18. For a -(wy, s)t-regular topological space X, the fol-
lowing three statements are equivalent:
(i) X is B,-closed,
(ii) every net (x))aer, where Y is a well-ordered index set [3-w-0-adheres
at a point in X,
(iii) every infinite subset A of X has a [-w-0-complete adherent point
in X.

5. ﬁfwms)-closed spaces modulo grill

DEFINITION 5.1. A bitopological space X is called B closed (resp.

H- 6 closed) modulo a grill G if every (r, s)-/3- open cover {Va:a €

A} ofX has finite subfamily {V,, : a; € A,i =1,2,...,n} such that X —
U, Bely, (Vo) € G (resp. X —UP ey, (Va,) € G). If the topologies on X
are taken the same, then ﬁfwhs)—closedness (resp. H —Bfw“s)—closedness)
modulo a grill G are referred as f3,-closed (resp. H-f,-closed) modulo
the grill G respectively.

REMARK 5.2. Every B closed modulo any grill G bitopological

space X is ,6’ ()" -closed, P(wr 5" closedness [2] and H -B(wr 5 -closed mod-
ulo the grill G on X.

THEOREM 5.3. Every B( closed (resp. B closed and H-Bfwr 5"

closed) bitopological space X is B Closed (resp B( -closed and
H- 5 closed) modulo any grill g on X

Proof We prove the theorem for only ﬂf —closedness. Other two

are analogous. Let X be B )-closed and {U a € A} be any (r,s)-
(B-open cover of X. Then there exists a finite subset Ay of A such that
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X = U{Bcly, (Uy) : @ € Ag}. Since 0 ¢ G, X —U{Bcly, (Uy) : a € Ao} &
g. O

REMARK 5.4. It is obvious to note that if G is the grill of all nonempty
subsets of any topological space X, then the concepts of X being 5tw 5"

closed (resp. H—ﬁf 5" -closed) and ﬂ closed (resp. H- ﬁ closed)
modulo the grill G are equivalent.

THEOREM b5.5. Let G be a grill on a topological space X containing
all nonempty ws-open sets and X is H- B closed modulo the grill G.

Then X is H- ﬂ(wr 5) -closed.

Proof. Let X be H- Bt y-closed modulo the grill G and {Us v € A}
be a cover of X by the (r s) p-open sets of X. Then there exist finite
number of indices aq, ag,...,an, € A such that X — U? ;cl, (Uq,) € G-
If int, (X — U, (Uy,)) # 0, then int,, (X — UL (Uy)) € G. But
int,, (X —U (Uy,)) = X — cly, (U Uy,) = X — U ey, (Uy,). So
X — U cly,(Us;) € G, — a contradiction. Hence @ = int,, (X —
U 1(U ) =X — UL cly,(Uy,). Thus X = U cly, (Uy,;). So X is
H- 6 j-closed. ]

DEFINITION 5.6. A topological space X is called weakly ﬁ closed
(resp. strongly B (w05 -closed, strongly (r, s)-B-compact) modulo a grill
G if every (r, s)-B-open (resp. (r,s)-open, (r,s)-B-open) cover {V, : a €
A} of X has finite subfamily {V,, : @« € A,i = 1,2,...,n} such that
XU int, (Va,) € G (1esp. X — Uy Belu (V) € G, X — U2 Va, €
). If the topologies on X are taken the same, then weakly B closed
(resp. strongly 5 (wn5)-Closed, strongly (r, s)-B-compact) modulo a grill
G are referred as weakly [-w-closed (resp. strongly f-w-closed, strongly
B-compact) modulo a grill G modulo the grill G.

DEFINITION 5.7. A topological space X is called strongly Bfwhs)—
regular modulo a grill G if for each x € X and (r,s)-8-closed set F
not containing x there exist disjoint sets U € (r,s)BO(X,x) and V €
PwO(X) such that F'—V ¢ G. If the topologies on X are taken as the
same, the space strongly ﬁfwms)—regular modulo a grill G is referred as

strongly S-w-regular modulo the grill G

THEOREM 5.8. A ﬁ closed strongly 6 -regular bitopological
space modulo a grill G is strongly (r,s)-B- compact modulo the grill G.
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Proof. Let {U, : a € A} is a cover of X by (r,s)-S-open sets of X.
Then for each x € X, there exists a(z) € A such that x € U,(,). Since
X is strongly [5’fwT7s)—regular modulo the grill G, there exist disjoint sets
Pyey € (1,5)B0(X, z) and Qu(y) € PwiO(X) such that (X — Uy)) —
Qo) € G- Here {P,;) : © € X} is a cover of X by (r, s)-8-open sets
of X. Since X is Bfwhs)-closed, there exist x(1),z(2),...,z(n) € X such
that X = UL, Bclw, (Pa(a(i)))- Consider Sy = (X — Una)) — Qa(a)-
Here P,z N Qo) = 0 implies that Bclwt(Pa(m)) N Quz) = 0. Now we
claim that Bely, (Pa(z) C Sa(w) U Ua@)- In fact g € Bclwt(Pa(z)) but
q & Uy () implies that ¢ € X —Qq(y) and so ¢ € (X —Uy(e)) — Qa(z)) =
Sa(gc). Thus X = U?:lBClwt(PO[(lf(i))) C U?Zl(Sa(x(i)) @) Ua(:c(i))) and so
X =U 1 Us(zi)) C U?zl(Sa(m(i)). But for each ¢ =1,2,...,n, Sa(m(i)) Z3g
and so X — UL Uy € G- Hence X is strongly (r,s)-8-compact
modulo the grill G. O

THEOREM 5.9. A (,-closed strongly [-w-regular topological space
modulo a grill G is strongly 3-compact modulo the grill G.

THEOREM 5.10. A T, weakly [(,,-closed space (X, ) modulo a grill G
is strongly [-w-regular modulo the grill G.

Proof. Consider x € X and S-closed set F' not containing z. Then
for each y € F', there exist disjoint open sets U, and V), containing x
and y respectively. Therefore {V, : y € F} U{X — F} is a -open cover
of X. Since X is weakly (,-closed space modulo the grill G, there exist
Y1, Y2, ..., Yn € F such that X —[Uint,(V,,)Uint,(X — F))] € G. Now
consider U = X — Bcl(Ul,(V,,)) and V = U {(V,,). Then UNV =0,
UepoX,x),VepOX)CpwO(X)and F -V =Fn (X -V) =
X — [U, (V) U (X = F))] € X — [Uyint, (Vy,) U int (X — F))] and
so FF—V & G. Hence X is strongly S-w-regular modulo the grill G. O

Let G be a grill on a topological space (X, 7) and ¢ : P(X) — P(X)
be a mapping defined by ¢p(A) ={z € X : UNA € g, forall U € 7(x)}.
B. Roy and M. N. Mukherjee [10] has proved that ¢ : P(X) — P(X),
where ¥(A) = AU ¢(A) for all A € P(X), is a Kuratowski closure
operator and hence induces a topology 7 on X finer than 7.

THEOREM 5.11. Let G be a grill on a topological space (X, 7) and
X is strongly p-compact modulo the grill G. Then (X, 1g) is strongly
B-w-closed modulo the grill G.

Proof. Let X be strongly S-compact modulo the grill G and consider
>~ be a cover of X by open sets of (X, 7g). Then for each z € X, there
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exists U, € > such that z € U,. Then there exist a B, € 7 and a
V, € G such that x € B, — V,, C U,. Then {B; : © € X} is cover of X
by open (and so B-open) sets of the space (X, 7). Since (X, 7) is strongly
B-compact modulo the grill G, there exist x(1),x(2),...,z(n) € X such
that X — U B, € G. Now X — U Belf (Uyy) € X — Ul Uy C
X — UL (Ba(p) = Vap) € (X = Uil (Bap)) U (U1 (Va))) € G- Hence
(X, 7g) is strongly (-w-closed modulo the grill G. O

THEOREM 5.12. Let G be a grill on X. A bitopological space X is
ﬂfwr S)—closed with respect to the grill G if and only if every B-(wy,s)-

0;-closed subset of X is ﬂfwr S)—closed with respect to the grill G and
X.

Proof. Let X be Bfwr S)—closed with respect to the grill G and A be a

B-(wr, s)-0;-closed subset of X and let ¥ = {V,, : a € A} is a cover of
A by (r, s)-5-open sets of X. Since X — A is a f-(w,, s)-04-open set, for
each z € X — A, by the Lemma 3.6, there exists U, € (r,s)B0(X, z)
such that Sel,, (Uy) € X — A. Hence XU{U, : x € X — A} is a (r, s)-5-
open cover of X and so there exist a1, as, ..., an, € A and x1, 2o, ..., Ty €
X — A such that X — (U, Bclw, (Va,)) U (U, Bely, (Uy,))) € G. So A—
U Bl (V) = A—((USy Bel (Ve JU(X ~A4))) € AZ((U2, Bel, (Vi )L
(U1 Bl (Un)) € X — (U Bt (Vo)) U (U224 Bl (U)) & G-
Therefore A — U Bcly,,(Va,) ¢ G and hence A is 6€whs)—closed with

respect to the grill G and X. Again since X is f-(w,, s)-0;-closed subset
of X, the converse part of the theorem is obvious. O
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